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Abstract

In this study artificial disturbances were introduced into a wall plume adjacent to a vertical side wall, and its stability

and chaotic characteristics were experimentally examined. The main results are: (1) for high and low frequency dis-

turbances the neutral region (a region between stability and instability) is lower and higher values of the modified

Grashof number than an analytical neutral curve, respectively. (2) As the Grashof number increases, a chaotic fluc-

tuation of temperature is observed above a critical value. This chaotic region is completely included in the region where

the wall plume is unstable. (3) The flow can be classified into four regions based on patterns, a stable region, distur-

bance-amplification region, chaotic region and non-chaotic region. � 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Wall plumes, thermal convection fields induced by

heater-embedded or heated side walls, can be regarded

as a basic physical model of a buoyancy-driven system,

and there have been many investigations into their flow

characteristics [1].

Jaluria and Gebhart [2] have analyzed wall plumes

arising from a line heat source embedding in a vertical

side wall, and Wakitani [3] has numerically examined the

stability of these wall plumes as the inclination angle of

the wall is changed. Wakitani showed that an upward

inclination of a wall stabilizes a wall plume and that the

amplification rate of lower-frequency mode, i.e., buoy-

ancy-induced instability mode, is smaller than that of

higher-frequency mode. Regarding the latter phenome-

non, the numerical study of Dring and Gebhart [4]

shows that the amplification rate and propagation speed

for higher-frequency disturbances are larger than for

lower-frequency disturbances and the wavelength of

low-frequency disturbances is much longer than the

vertical distance from the leading edge.

An experimental study on the same wall plumes, i.e.,

arising from a line heat source embedded in a vertical

side wall [5], shows that the analytical neutral curve

determined by Wakitani [3] can qualitatively explain the

measured stability characteristics. However, for a plume

induced by a side wall with a constant heat flux the

experimentally determined neutral curve [6] is lower in

height than an analytically determined one [1,7]. This

discrepancy may be due to the assumption of parallel

flow as indicated by the analysis of Tanaka et al. [8].

Although the experimental and numerical analyses

mentioned above are effective in detecting the onset of

unstable flow, they cannot be applied in examining the

characteristics of unstable flow fields caused by non-

linear mechanisms. Therefore the instability that can be

examined in the context of linear stability analysis is not

necessarily equivalent to turbulence. From this point of

view the chaotic characteristics and their related indi-

cators [9] are of great significance as they provide a

quantitative measure by which to examine and classify

[10] unstable flow fields, and are very useful for many
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practical applications. Very little work, however, is avail-

able on the relationship between stability and chaos or

turbulence [11].

In this study this relationship has been experimen-

tally examined for a vertical wall plume induced by an

embedded line heater, and the flow field has been clas-

sified on the basis of non-linear effects.

2. Apparatus and procedure

Since natural convection fields such as wall plumes

are easily disturbed by environmental forces, a small test

room was built in the laboratory for protection from

such disturbances. The test room was 3370 mm wide,

3500 mm high and 3440 mm deep. A test box, shown

schematically in Fig. 1, and a three-dimensional traverse

apparatus were set on a steel table in the test room. The

table was placed on an antivibration rubber sheet over

the laboratory floor.

The sides of the test box were made of acrylic resin

plates 3 mm thick and the front and top of the box were

made up of nylon mesh screen sheets for disturbance

protection and rectification of the circulation air by

natural convection. The bottom of the box was made of

a 5 mm thick brass plate, so that the entrainment air was

exclusively supplied through the front mesh screen sheet.

The back of the box was made of a urea resin plate (1100

mm high, 350 mm wide and 3 mm thick), set upright 180

mm from the front mesh screen and was used as the

vertical wall for the wall plume experiment. A nickel–

chromium wire of 0.2 mm diameter was embedded

Nomenclature

a thermal diffusivity (m2/s)

Cp specific heat at constant pressure (J/(kg �C))
f vibration frequency of artificial disturbance

(s�1)

G modified Grashof number, defined in Eq. (1)

g acceleration due to gravity (m/s2)

k thermal conductivity (J/(m s �C))
N proportional constant (�C m3=5)

Pr Prandtl number (¼ 0.71)

R dimensionless range of fluctuation

T dimensioned temperature (�C)
V dimensionless variance

x x coordinate (m)

y y coordinate (m)

Greek symbols

a dimensionless amplification factor

a� dimensioned amplification factor (m�1)

b dimensionless vibration frequency

b� thermal expansion coefficient (�C�1)

DT amplitude of temperature (�C)
Dh dimensionless amplitude of temperature (�C)
H representative temperature difference (�C)
h dimensionless temperature (¼ ðT � T1Þ=H)

e error band

g similarity variable (¼ Gy=ð4xÞ)
k largest Lyapunov exponent

m kinetic viscosity (m2/s)

s time scale at which auto-correlation func-

tion becomes 1=e

Subscripts

inf infinity, 1
max Maximum

min Minimum

w wall surface

h temperature

+ upper limit

) lower limit

1 ambient physical quantity

Fig. 1. Test box with mesh screen sheet.
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horizontally 5 mm from the bottom of the urea resin

plate and was used as the line heat source for the wall

plume along the front surface of the plate. The heating

rate was fixed at 40 W/m. The wall plume field is indi-

cated in Fig. 1.

An identical line heater was also embedded in the

rear side of the vertical wall plate outside the box at a

similar place as the line heat source for the wall plume

inside the box and its heating rate was set to be the same.

As a result, the natural convection fields along the front

and back surfaces of the vertical plate were nearly the

same, so that the plate was kept in an adiabatic state.

For the analysis of the stability of the natural con-

vection field, a copper wire of 0.2 mm diameter was used

to create disturbances in the field. It was set 15 mm

above the line heat source embedded in the vertical wall

inside the box and was forced to vibrate with a constant

amplitude of nearly 1.5 mm by a vibration mechanism

driven by a computer-controlled pulse motor. Artificial

disturbances of frequencies 0.51, 0.72, 1.0, 1.35 and 2.02

Hz were introduced into the wall plume field. The dis-

turbing frequency was changed by changing the pulse

interval to the pulse motor.

A thermocouple made of Chromel–Alumel wires was

used of a thermal probe to measure the local tempera-

ture. Its nominal diameter of 0.1 mm allowed a thermal

time response satisfactory for the present experiment.

The thermocouple probe was fixed with a support on a

three-dimensional traverse apparatus and the local

temperature at any point in the wall plume field could be

measured precisely under computer-controlled condi-

tions.

The electromotive force of the thermocouple at each

specific point was measured by a computer-controlled

digital multimeter for 100 s with a data-sampling fre-

quency of 10 Hz. The voltage data were transmitted to a

microcomputer through a GP–IB interface board and

the fluctuation characteristics were analyzed.

The results of preliminary experiments showed that

the flow field was homogeneous in the lateral direction

and sufficiently steady in its laminar region. Hence, the

thermal field of the wall plume was examined exclusively

in the vertical plane normal to the vertical wall surface

through the center of the line heat source. The origin of

the coordinate system is located at the center of the line

heat source as shown in Fig. 1. The x-axis is vertical, the

y-axis is perpendicular to the vertical wall surface, and

the z-axis is horizontal to the wall surface.

Moreover, precise measurements of temperature on

the x–y plane showed that the fundamental flow char-

acteristics in the laminar (stable) region were in good

agreement with the analytical steady-flow solution of

Jaluria and Gebhart [2] on which the present stability

analysis is based. In the outer region of g � Gy=
ð4xÞ > 2, however, the difference between the local tem-

perature and the ambient temperature remained con-

stant (but not zero), due to both the radiation from the

heated surface and the existence of the front mesh screen

sheet. The measurement of the present study was,

therefore, confined to the region g < 2.

The test room was closed during the experiment and

the three-dimensional traverse apparatus was controlled

by a microcomputer outside the test room. During the

experiment the temperature in the test room was almost

constant in the vertical direction (gradient: 0.5 �C/m)

and its fluctuation was confined below the noise level of

the thermocouple. Thus, the effects of ambient temper-

ature fluctuation or gradient were negligible.

3. Data analysis

3.1. Evaluation of stability

In this study the stability of the flow at a specific

point was experimentally determined by the evaluation

of the modified Grashof number G, dimensionless vi-

bration frequency b and dimensionless spatial amplifi-

cation factor a, defined as follows:

G � 4
gb�x3H
4m2

� �1=4

; b � 32pfx2

mG3
; a � 4a�x

G
; ð1Þ

where H, f and a� are the representative temperature

difference ðTw � T1Þ, vibration frequency and spatial

amplification factor, respectively. Tw and T1 are the

local temperature along the x-axis and ambient room air

temperature, respectively.

Initially, the thermocouple was traversed along the x-

axis in contact with the wall surface. The temperature at

the vertical wall surface Tw was measured without any

artificial disturbances and the representative tempera-

ture difference H was evaluated based on the analysis of

Jarulia and Gebhart [2]:

H ¼ Tw � T1 ¼ Nx�3=5; ð2Þ

whereN is a proportional constant and was calculated by

least-square fitting for each temperature distribution in

the present study. The dimensionless temperature h can

then be determined from hðx; yÞ ¼ ðT ðx; yÞ � T1Þ= HðxÞ.
The room temperature was also used as a reference

temperature to evaluate the physical properties. The

Prandtl number Pr of the present study was, therefore,

held constant at 0.71. Secondly, the change of the am-

plitude of the temperature fluctuation DT over height,

evaluated by FFT at the vibration frequency f, was ex-

amined by introducing artificial disturbances into the

wall plume. The thermocouple was traversed along the

curve g ¼ 1:43, which is defined by the y-direction in-

flection points of the temperature to ensure a large

measured amplitude of temperature. The measurement

was iterated 10 times under the same conditions, except

H. Ishida et al. / International Journal of Heat and Mass Transfer 45 (2002) 3471–3476 3473



for the case of 2.02 Hz where it was iterated four times.

The change of the dimensionless amplitude of tempera-

ture Dh ð¼ DT=HÞ against x was approximated by a

third-order polynomial using least-square fitting. Its 50%

error band was also calculated at each measurement

point from the unbiased variance around the estimated

curve. Using these polynomials and error bands, the

upper and lower limits of the dimensionless amplification

factor (aþ and a�, respectively) were evaluated and the

stability at the specific point was determined as follows:

a� > 0 : unstable; aþa� 6 0 : neutral; aþ < 0 : stable:

ð3Þ

In fact, the amplification factor of the flow cannot re-

main positive owing to the folding action of non-linear

effects, and hence a resultant flow with strong fluctua-

tions in temperature tends to be neutral. This makes it

difficult to determine the neutral point or the neutral

region of G in the context of linear stability analysis.

Therefore once the flow is determined to be unstable

through the neutral region with increasing x, its down-

stream flow was also taken to be unstable.

3.2. The largest Lyapunov exponent

The largest Lyapunov exponent k was also computed

by the method of Wolf et al. [9] from the time-evolution

data of temperature when the artificial disturbances

were introduced. A dynamic system with k > 0 is gen-

erally regarded as ‘‘chaotic’’.

Using the method of Ishida and Kimoto [10,11], the

parameter values used to compute k, i.e., the embedding

dimension, delay time and evolution time between re-

placements, were changed, ascertaining that k was sta-

tionary. The ratio of the delay time to the reference time

scale s, at which auto-correlation function becomes 1=e,
was taken as a parameter while the delay time was

changed. The uncertainty of the thermocouple, 0:1 �C,
was applied to the minimum length of the replacement

vector.

When the most suitable parameters were used, any

variations in k were assumed to be merely random error,

and k was evaluated from their mean value in the cor-

responding range of the parameters. The error band ek

was evaluated to be the range of fluctuation with a 50%

probability. The temperature measurements were car-

ried out several times under the same conditions and,

therefore, the replacement among these data sets can be

regarded as an another parameter and the variation of k
with this parameter was also taken into consideration.

Using the k evaluated as above and its error band, the

sign of k is determined as follows:

k � ek > 0 : positive; �ek 6 k6 ek : neutral;

k þ ek < 0 : negative: ð4Þ

4. Results and discussion

4.1. Stability of the wall plume

The stability characteristics of a wall plume were

determined by the classification scheme given in Eq. (3).

The results of this analysis are shown in Fig. 2. In the

figure solid circles, plus signs and triangles indicate un-

stable, stable and neutral, respectively. Solid lines indi-

cate the analytical constant amplification curve of the

wall plume adjacent to the vertical side wall [3] and the

dashed line is the branch cut which separate the upper

high-frequency mode (mode 1) and the lower buoyancy-

induced instability mode (mode 2). Comparing the

neutral curve ða ¼ 0Þ with the stability characteristics of

the present study, it can be seen that the neutral regions

for the higher-frequency cases ðf P 1:0 HzÞ shift slightly
to lower values of G. It is assumed that this is due to the

non-parallel-flow effect [8]. The lower limit in mode 1 at

which there is a frequency component of the positive

amplification factor is G ¼ 50. The dimensionless time–

mean temperature hmean for various frequencies is shown

in Fig. 3(a). Each plotted curve is evaluated as the mean

value of all the hmean’s taken under the same frequency

conditions. It can be seen that at the point G ¼ 50hmean

begins to increase. This is due to the destabilization of

the wall plume, i.e., the enhancement of mixing. The

fluctuation around the computed value for G < 50 is

systematic error caused by the artificial disturbances. To

ensure a sufficient accuracy in the evaluated amplifica-

tion factor and its spatial resolution, however, a suffi-

cient disturbance level is required, as it used in the

present study.

For the lower-frequency cases (0.51, 0.72 Hz) the

amplification factor is suppressed. This is due to the fact

that the propagation speed of a disturbance in mode 2 is

Fig. 2. Stability–instability characteristics of the wall plume: 	,
unstable; +, stable; M, neutral; –, constant amplification curve,

[3]; - -, branch cut [3].
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relatively low and its wavelength is much longer than the

vertical distance from the leading edge [4].

Neutral or unstable temperature fluctuations are

observed even at values of G < 40 for the cases where

f > 1:0 Hz. This is due to the introduced disturbance

energy becoming large for higher-frequency cases when

the amplitude of disturbance is fixed.

4.2. Chaotic characteristics of the wall plume

Finally, the largest Lyapunov exponent k was cal-

culated by the method of Wolf et al. [9] from the

time-evolution data of temperature when artificial dis-

turbances were introduced. The sinusoidal variation of

temperature does not effect the evaluation of k and,

therefore, the disturbance frequency f can be used as the

characteristic frequency on G–b space. The results are

shown in Fig. 4.

As shown in Fig. 4 the negative k becomes positive or

neutral around G ¼ 70 with increasing G. After that the

chaotic behavior is weakened and the sign is again re-

versed to be negative for G > 85. This characteristic is

independent of its characteristic frequency f. The value

G ¼ 70 is greater than the above-mentioned lower limit

of G ¼ 50 in mode 1, hence the chaotic characteristics

are related to the amplification of the unstable frequency

component of disturbance which is introduced into the

wall plume from its surroundings. Herein it should be

noted that the region G > 70 corresponds to the

monotonically decreasing region of hmean and that the

range 70 < G < 85 corresponds well with the region

where the variance of h, Vh (see Fig. 3(b)), and the range

of temperature fluctuation Rh (¼ hmax � hmin, see Fig.

3(c)) becomes large. It follows that these chaotic char-

acteristics are related to the secondary flow, in this case

‘‘turbulent flow’’, caused by non-linear mechanisms to

dissipate the fluctuation energy which is amplified by the

linear mechanisms. The resultant dissipation of the

fluctuation energy causes the flow to become laminar,

which is shown by a suppression of the chaotic charac-

teristics for G > 85.

The flow region of the wall plume can be classified as

follows: (1) stable region ðG < 50Þ, (2) disturbance-am-

plification region ð506G < 70Þ, (3) chaotic region

ð706G < 85Þ and (4) non-chaotic region ðGP 85Þ.
Thus the chaotic region of G is included in the unstable

Fig. 4. Chaotic characteristics of the wall plume: 	, k > 0; +,

k < 0; M, neutral; –, neutral curve, [3].

Fig. 3. Thermal response to artificial disturbances: (a) time–mean temperature; (b) variance of temperature; (c) range of temperature

fluctuation.
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region in the context of linear stability analysis and the

flow characteristics are strongly affected by non-linear

mechanisms in the regions (3) and (4).

5. Concluding remarks

In this study artificial disturbances were introduced

into a wall plume adjacent to a vertical side wall and its

stability was experimentally examined. Moreover, the

largest Lyapunov exponent k, which is one of the indi-

cators of chaotic characteristics, was calculated and was

compared with stability characteristics. The main results

are as follows:

(1) In comparison with an analytical neutral curve [3],

for the higher-frequency cases a shift to lower values

of G of the neutral region is observed which confirms

the non-parallel-flow effect shown by Tanaka et al.

[8]. For the lower-frequency cases, inversely, a shift

to higher values of G of the neutral region is ob-

served which supports the long-wave propagation

of disturbances shown by Dring and Gebhart [4].

(2) As G increases, a chaotic fluctuation of temperature

is observed over the critical point at which there is a

frequency component of the positive amplification

factor. At greater values of G the chaotic character-

istics are suppressed. This variation can be explained

by the generation of secondary flow based on non-

linear flow mechanisms and the resultant dissipation

of the fluctuation energy.

(3) The flow region of the wall plume can be classified

into four patterns, the stable region, disturbance-

amplification region, chaotic region and non-chaotic

region.
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